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Simplifying Square Roots (extended version)

The square root of any positive number is the number that can be squared to get the number whose
square root we are seeking. For example,

A 16 =4 because if we square 4 we get 16, which is the number whose square root is
being found.

A 64 =8 because 8 = 64
100 =10  because 10> =100

The symbol / is called a radical and it is read as “the square root of.”

The number underneath the radical is called the “radicand.” In the expression 4/ 36 , the radicand is
36.

It should be noted that each positive number has 2 square roots. One is the positive or principal
square root, and the other is the negative square root.

\/Z =2 because 2% =4
—4=-2 because (-2)* =4

We are usually interested in the positive square root. If we want the negative root, we put a negative
sign in front of the radical.

~Ja==2
~J49=—7

Note that we cannot have a negative sign under the radical.

4 —4 1isnotareal number, because there is no number that we can multiply by itself and get
—4. (In MAT 1033 and MAC 1105 you will learn how to deal with this situation.)
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To simplify a radical we must look for and remove any perfect square factors that may be in the
radicand. REMEMBER that a perfect square is the square of an integer.

32=9
4% =16 Perfect squares
8% =64

A radical expression is in simplest form if the radicand contains no perfect square factors. To
simplify a radical we will first find the prime factorization of the radicand and rewrite the radicand in
exponential form.

64 =2° prime factorization of 64 in exponential form.

If the exponent is an even number, then the number itself is a perfect square.

To take the square root of 2° we remove the radical and divide the exponent by 2.

EXAMPLE:

V64 =420 =292 =23=2.2.2=38
Once we have divided the exponent by 2, we can multiply out the remaining factors.

EXAMPLES:
V8l =43 =32 =32 =3.3=9
V144 =24 32 =242.322 222 .324.3=12
J196 =422 77 =222 . 7212 =2.7 =14

Often the number we wish to simplify is not a perfect square. We then have to find any perfect
square factors contained in the number and remove them from under the radical by taking their

square roots. To simplify V40 , first find the prime factorization of 40.

Ja0=v2° 5

NOTICE that the exponents are odd numbers. This means that 2° and 5' are not perfect squares.
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* Any prime factor with an exponent of 1 will not be a perfect square nor will it contain a
perfect square.

* Any prime factor with an even exponent will be a perfect square.

* Any prime factor with an odd exponent of 3 or higher will contain a perfect square factor.

V40 =+/2% 5 2’ contains a perfect square
2%.2'.5! 2% is written as 2% -2

The Product Property of Square Roots allows us to rewrite a product under a radical as a product of 2
separate radicals.

J40 =422.2" 5" =427 .25

We now have on radical which is a perfect square and one which is not. We can take the square root
of the perfect square and multiply the factors remaining under the radical.

V22 25 = 2410

The complete process is as follows:

Va0 =425 Find the prime factorization of 40
=42%.2".5' Rewrite 2° as 2° -2
= \/2_2 A/2-5 Separate the perfect squares

=210 Take square roots. The solution is read as “2 times the square root of 10”

EXAMPLE: Simplify /96

V96 =+/2° .3 Find the prime factorization of 96
=4/2% .20 .3! Rewrite 2° as 2* -2

= \/2_4 23 Separate the perfect squares

=2*2. 6 Take square roots.
=26 Simplify 2 to get 4
=46 The solution is read as “4 times the square root of 6”
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EXAMPLE: Simplify 54/180. Notice that this is “5 times the square root of 180.” We must
simplify 4/180 first and then multiply by 5.

54180 =527 -3%.5 Find the prime factorization of 180

=5y2%2.32 .45 Separate the perfect squares
=5.0%/2 322 ﬁ Take square roots.
=5.2.3.4/5 Multiply

=305 The solution is read as “30 times the square root of 5”

EXAMPLE: Simplify — 832

—8/32 = —8\/2_5 Find the prime factorization of 32
—_8/2%.2 Rewrite 2° as 2% -2

—_8J2*\2 Separate the perfect squares
—=-8.2%2./2  Take square roots.

=-8.22.42 Simplify 2* to get 4 and multiply

=322 The solution is read as “4 times the square root of 6

Many of the expressions we will need to simplify will contain variables.

2
Jx® =x*  because (x’) =x°

VY =y’ because (ys)2 =y"
* Any variable radical expression which has an even exponent will be a perfect square.
2 _
Vxt =x

* Any variable radical expression which has an exponent of 1 will not be a perfect square nor will it
contain a perfect square factor.

Ji=

* Any variable expression which has an odd exponent of 3 or higher will contain a perfect square
factor.

\/x3 ZV)CZ'XZXZ/Z X =XNX
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EXAMPLES:
\/x—6:x6/2 — 0
/xls = 182 Z 0
Vi =4xt x =2 x = xtx

We often have radicals which have both numbers and variables.

EXAMPLE: Simplify /45x%y’

\/ 45x°y’ = \/ 37.5.x% -y’ Find the prime factorization of 45

=\/32-5-x2-y2-y Rewrite y* as y-y
=437 x7-y* /5y Separate the perfect squares and take square roots

=3xy,/5y

EXAMPLE: Simplify v72a°b°c’

\/72515[9%9 = \/23 32.a° b8P Find the prime factorization of 72
=22.2.32.4* . a-b®-¢%.¢c  Rewrite 2°,4°, and ¢’
= \/ 22.32.4%.b° - \2ac Separate the perfect squares and take square roots
=2-3-a>-b* - c*\2ac Multiply the numbers

=6a’b’c*\2ac

EXAMPLE: Simplify 3y+/27x*y’

3y4/ 27x4y = 3y4/ 3.xt y . Find the prime factorization of 27

= 3)’\/32 3oxtoytey Rewrite 3 and y’
=3y4 3. xty? 3y Separate the perfect squares and take square roots
=3y-3-x"- Y3y Multiply the numbers and multiply the variables

=9x”y?\[3y
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EXAMPLE: Simplify 4y,/18x’y*

4y \18x° y* =4y,/2-3% - x° - y* Find the prime factorization of 18

:4y\/2-32-x4-x-y4 Rewrite x° as x* - x

=4y,3% - x* y*2x Separate the perfect squares and take square roots
=4y-3-x>-y>J2x Multiply the numbers and multiply the variables
=12x"y’v2x

EXERCISES. Simplify each of the following.

a) J49 b) V12 c) J40
d) 3\/@ e) .X14 f) y15

g) +/24x7y° h) 3v20a°b> i) 2,64x"y"

i) 2xy4/120x° 3

KEY
a) 7 b) 243 ¢) 2410
d) 1245 e) H vy
9 2xy’ /6y h) 6a’by/5a i) 16x*y’

i) 4x’y*/30xy
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